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Abstract: We provide an explicit twistorial construction of quaternion-Ka¨hler manifolds ob-
tained by deformation of c-map spaces and carrying an isometric action of the modular group
SL(2,Z). The deformation is not assumed to preserve any continuous isometry and therefore
this construction presents a general framework for describing NS5-brane instanton effects in
string compactifications with N = 2 supersymmetry. In this context the modular invariant
parametrization of twistor lines found in this work yields the complete non-perturbative mirror
map between type IIA and type IIB physical fields.
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1. Introduction
Modular invariance plays a prominent role both in physics and mathematics. Especially impor-
tant it appears to be in supersymmetric gauge and string theories where the S-transformation of
the modular group SL(2,Z) generates the weak/strong coupling duality. Furthermore, consid-
ering low energy effective actions of these theories, one encounters a beautiful interplay between
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modular invariance and the geometry of special holonomy manifolds. For instance, this inter-
play was the basis for the famous Seiberg-Witten solution [1], describing the moduli space of 4d
N = 2 gauge theories encoded in the metric on a certain rigid special Ka¨hler manifold, whereas
compactifying them further on a circle, one falls into the realm of hyperka¨hler geometry [2].
In this work we study the interconnection of modular invariance with quaternion-Ka¨hler
(QK) geometry. Our prime motivation comes from string theory where the situation relevant
to our problem arises in type IIB string theory compactified on a Calabi-Yau (CY) threefold.
In this case the low energy effective action is known to be described by the metric on the
vector multiplet (VM) and hypermultiplet (HM) moduli spaces, MVM and MHM, and the
latter is known to be quaternion-Ka¨hler [3] and to carry an isometric action of SL(2,Z) [4, 5].
Together with additional discrete symmetries and the information provided by perturbative
string calculations, these conditions are strong enough to hope that the metric on MHM can
be explicitly found. Although significant progress has been achieved in this direction in recent
years (see [6, 7] for recent reviews), the complete solution is still unknown.
Our aim here is to provide an explicit description of a certain class of QK manifolds which
are restricted to have an isometric action of SL(2,Z), so that MHM appears as a particular
member of this class. But first we should explain what this class is and what we mean by
“explicit description”.
The QK manifolds we are going to consider are all deformations of the space which will be
denoted byM0. It is taken to be the image under the so-called c-map of the moduli space MK
of complexified Ka¨hler structure deformations of a CY threefold, i.e. M0 is a bundle over MK
constructed in a canonical way [8, 9]. The metric on this space is known explicitly and it has
a large isometry group which, in particular, includes the S-duality group SL(2,R). Thus, M0
plays the role of a kind of “symmetric departure point”. However, the deformations break in
general all isometries of M0 and the only requirement we impose is that they leave intact the
discrete subgroup SL(2,Z).
Of course, it is very difficult to encode the QK property and therefore to classify all possible
deformations directly in terms of the metric. Instead, a much more efficient way to do this is
to work with the associated twistor spaces [10]. The twistor space Z of a QK manifoldM is a
CP 1-bundle which carries a canonical complex contact structure represented by a holomorphic
one-form X . It is then uniquely defined by a set of contact transformations between local
trivializations of this one-form, i.e. local Darboux coordinates for X . These transformations are
generated by “holomorphic Hamiltonians” which we call transition functions. They represent
the most compact way to encode the geometry of a QK manifold and its possible deformations.
Our first result in this paper is a transformation property of these functions under the modular
group which ensures that it acts isometrically both on Z and M.
A necessary step to evaluate the metric on M starting from transition functions on its
twistor space is to parametrize twistor lines, i.e. to find Darboux coordinates on Z as functions
of coordinates on the base M and the fiber CP 1. Generically, this is not possible explicitly,
but it is nevertheless possible to get integral equations determining them. One of the main
results obtained in this paper is a set of such equations written in terms of coordinates on M
which transform under SL(2,Z) in a simple, actually classical, way. As a result, these equations
are manifestly consistent with the modular properties of the Darboux coordinates and provide
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the most explicit description which can be achieved for generic deformations preserving the
isometric action of SL(2,Z).
In physics terms our construction can be interpreted as follows. The initial QK manifold
M0 corresponds to the classical HM moduli space. Its deformations correspond to the inclusion
of quantum corrections which, in particular, contain the instanton effects due to D-branes and
NS5-branes [11]. The coordinates onM used to parametrize the twistor lines can be viewed as
physical fields of type IIB string theory. As will be clear below, this parametrization appears
as a result of a coordinate transformation which physically yields the non-perturbative mirror
map, i.e. a relation between the physical fields of type IIA and type IIB formulations including
all instanton corrections.
In fact, this paper is an extension of the previous work [12] where the same problem was
addressed under the additional assumption that the allowed deformations preserve two contin-
uous isometries. In string theory this corresponds to the inclusion of quantum corrections due
to D(-1), D1 and D3-instantons, but ignoring fivebrane instanton effects. This is a consistent
approximation since the former and the latter do not mix under S-duality transformations.
However, it is really the latter sector that is the most interesting: whereas D-instanton cor-
rections to the HM moduli space have been incorporated to all orders [13, 14], NS5-brane
instantons have been found only in the linear approximation [15] and represent essentially the
last missing piece in the non-perturbative description of CY compactifications of type II string
theory. Our results provide a general framework to describe these instanton effects. In partic-
ular, the transition functions generating them, which should be an appropriate generalization
of the ones found in [15], must satisfy the modular constraint (4.8).
The organization of the paper is as follows. In section 2 we briefly review the twistorial
description of QK spaces. In section 3 we describe the c-map spaceM0, its twistor construction,
and the action of the modular group. Section 4 is the core of the paper where we derive our
main results. Section 5 presents our conclusions. In appendices one can find details on modular
properties of various quantities and proofs of some modular transformations.
2. Twistor description of QK spaces
Let us recall that a quaternion-Ka¨hler manifold M is a 4n-dimensional Riemannian manifold
whose holonomy group is contained in USp(n) × SU(2). It has a triplet of almost complex
structures ~J satisfying the quaternionic algebra. The Ji’s are not integrable unless the scalar
curvature of M vanishes, in which case M is hyperka¨hler. Nevertheless, it is possible to
encode the geometry of M complex analytically, by passing to its twistor space Z, the total
space of a canonical CP 1-bundle over M where the fiber corresponds to the sphere of almost
complex structures. In contrast to M, the twistor space has an integrable complex structure
and, moreover, it carries a canonical complex contact structure, given by the kernel of the
O(2)-twisted, (1,0)-form
Dt = dt+ p+ − ip3t + p−t2, (2.1)
where t is a stereographic coordinate on CP 1 and (p± = −12(p1∓ip2), p3) denotes the SU(2)-part
of the Levi-Civita connection on M.
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A more convenient way to encode the complex contact structure is through a holomorphic
one-form X . More precisely, locally on an open patch Ui ⊂ Z there always exists a function
Φ[i] such that the product
X [i] = −4i eΦ[i]Dt/t (2.2)
is holomorphic, i.e. ∂¯-closed on Z. The function Φ[i] = Φ[i](xµ, t), known as the “contact
potential”, is holomorphic along the CP 1 fibers and will play an important role in the following.
In particular, it determines the Ka¨hler potential on Z
K
[i]
Z = log
1 + tt¯
|t| + ReΦ
[i](xµ, t). (2.3)
The advantage of using X becomes manifest when one introduces holomorphic Darboux
coordinates. Namely, it is always possible to choose complex coordinates (ξΛ[i], ξ˜
[i]
Λ , α
[i]) in Ui
such that the contact one-form (2.2) takes the canonical form [16, 17]
X [i] = dα[i] + ξΛ[i]dξ˜[i]Λ . (2.4)
Then the contact structure is completely determined by the transformations relating the Dar-
boux coordinate systems on the overlaps of two patches Ui ∩ Uj . These “contactomorphisms”
must preserve the contact one-form up to a non-vanishing holomorphic factor
X [i] = fˆ 2ij X [j]. (2.5)
Solving this condition, one finds that such contactomorphisms are all generated by holomorphic
transition functions H [ij] ∈ H1(Z,O(2)). Taking them, as in the case of the usual canonical
transformations, to depend on “initial coordinates” ξΛ[i] and “final momenta” (ξ˜
[j]
Λ , α
[j]), one
obtains the following gluing conditions [17]
ξΛ[j] = ξ
Λ
[i] − ∂ξ˜[j]Λ H
[ij] + ξΛ[j] ∂α[j]H
[ij],
ξ˜
[j]
Λ = ξ˜
[i]
Λ + ∂ξΛ[i]H
[ij],
α[j] =α[i] +H [ij] − ξΛ[i]∂ξΛ[i]H
[ij],
(2.6)
which result in the following expression for the coefficients fˆ 2ij appearing in (2.5)
fˆ 2ij = 1− ∂α[j]H [ij]. (2.7)
The gluing conditions (2.6), supplemented by appropriate regularity conditions, can be
used to find the Darboux coordinates as functions of coordinates xµ onM and the coordinate t
on CP 1, which is a necessary step to compute the metric. In particular, we demand that ξΛ has
simple poles at t = 0 and t = ∞, whereas all other coordinates are regular.1 Such conditions
1In fact, one can also allow for logarithmic singularities at t = 0 and t = ∞ in ξ˜Λ and α [17]. They give
rise to the so called anomalous dimensions, cΛ and cα, the numerical coefficients which supplement the twistor
data, given by the covering and transition functions, defining M uniquely. The anomalous dimension cα plays
an important physical role since it encodes the one-loop gs correction to the HM metric [18, 19, 13]. But in the
type IIB formulation, for which the formalism developed here is supposed to be applied, it is possible to avoid
non-vanishing cα [20].
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are particularly convenient for description of the c-map spaces and their deformations which
we are interested in here [17, 13]. Using them, the gluing conditions (2.6) can be rewritten as
the following integral equations
ξΛ[i](t, x
µ) = AΛ + t−1Y Λ − tY¯ Λ + 1
2
∑
j
∮
Cj
dt′
2πit′
t′ + t
t′ − t
(
∂
ξ˜
[0]
Λ
H [j0] − ξΛ[0] ∂α[0]H [j0]
)
,
ξ˜
[i]
Λ (t, x
µ) = BΛ − 1
2
∑
j
∮
Cj
dt′
2πit′
t′ + t
t′ − t ∂ξΛ[j]H
[j0], (2.8)
α[i](t, xµ) = Bα − 1
2
∑
j
∮
Cj
dt′
2πit′
t′ + t
t′ − t
(
H [j0] − ξΛ[j]∂ξΛ[j]H
[j0]
)
,
where t ∈ Uˆi (the hat denotes the projection to CP 1), Cj is a contour surrounding Uˆj in the
counterclockwise direction, and [0] refers to any patch since the sum over j is independent on
its choice. The complex variables Y Λ and real AΛ, BΛ, Bα are free parameters playing the role
of coordinates xµ on M. They contain one parameter more than the dimension of M because
the overall phase rotation of Y Λ can be absorbed by a redefinition of the CP 1 coordinate t.
Furthermore, combining (2.2), (2.5) and (2.7), one finds the gluing conditions for the contact
potential
Φ[i] − Φ[j] = log (1− ∂α[j]H [ij]) . (2.9)
Requiring that Φ[i] is regular in Ui and using again (2.2), it can be expressed in terms of solutions
of (2.8) [14]
Φ[i] = φ+
1
2
∑
j
∮
Cj
dt′
2πit′
t′ + t
t′ − t log
(
1− ∂α[0]H [j0]
)
, (2.10)
where the first term in (2.10) is a real constant given by
eφ = −
1
16π
∑
j
∮
Cj
dt
t
(
t−1Y Λ − tY¯ Λ) ∂ξΛ
[j]
H [j0]
cos
[
1
4π
∑
j
∮
Cj
dt
t
log (1− ∂α[0]H [j0])
] . (2.11)
It is important to note that all above quantities like the contact one-form, Darboux coor-
dinates, contact potential are invariant under the combined action of complex conjugation and
the antipodal map, ς[t] = −1/t¯, provided it sends a patch Ui to another patch Uı¯, so that the
covering is invariant, and the transition function satisfy
ς
[
H [ij]
]
= H [¯ı¯]. (2.12)
These reality conditions are necessary to ensure the reality of the metric which can be obtained
once the Darboux coordinates and the contact potential are explicitly found. The precise
procedure is described in [17, 13].
Finally, a crucial property of the twistor approach is that any quaternionic isometry of the
QK base M can be lifted to a holomorphic isometry on its twistor space [21]. This remains
true even for discrete isometries and allows us to use a powerful combination of holomorphicity
and modularity.
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3. C-map spaces and S-duality
3.1 The metric and twistorial construction
C-map is a procedure suggested in [8, 9] which associates a QK manifoldMc-map to any (projec-
tive) special Ka¨hler manifold Msk. Since the latter is determined by a holomorphic prepotential
F (X), a function homogeneous of degree 2 dependent of homogeneous complex coordinates XΛ
(Λ = 0, . . . , n–1 where n–1 is the complex dimension of Msk), the metric on Mc-map is also
completely determined by F (X). It describes a certain bundle over Msk and reads as follows
ds2Mc-map =dφ
2 + 4ds2Msk −
1
2
e−φ
(
dζ˜Λ − N¯ΛΣdζΣ
)
ImN ΛΛ′
(
dζ˜Λ′ −NΛ′Σ′dζΣ′
)
+
1
16
e−2φ
(
dσ + ζ˜Λdζ
Λ − ζΛdζ˜Λ
)2
,
(3.1)
where real φ, σ, ζΛ, ζ˜Λ and complex z
a = Xa/X0 (a = 1, . . . , n–1) compose 4n coordinates
parametrizing Mc-map. In (3.1), ds2Msk is the metric on Msk with Ka¨hler potential K =
− log[i(X¯ΛFΛ −XΛF¯Λ)],
NΛΛ′ = F¯ΛΛ′ + 2i ImFΛΣX
Σ ImFΛ′Σ′X
Σ′
XΞ ImFΞΞ′XΞ
′
(3.2)
is the Weil period matrix, and we used the notation FΛ ≡ ∂XΛF , etc. The quaternionic structure
of the the metric (3.1) has been exhibited in [9].
Although the above description is very explicit, we need a twistorial construction ofMc-map.
Such construction has been suggested in [17] (on the basis of [22, 23] where the c-map has been
formulated using projective superspace [24, 25, 26]). Let Z be covered by two patches U+, U−,
which project to open disks centered around the north (t = 0) and south (t = ∞) poles on
CP 1, and a third patch U0 which covers the equator.2 The transition functions between complex
Darboux coordinates on each patch are defined in terms of the holomorphic prepotential
H [+0] = F (ξ), H [−0] = F¯ (ξ). (3.3)
A simple calculation using (2.8) then shows that the Darboux coordinates in the patch U0 are
given by [16, 17]
ξΛ[0] = ζ
Λ + t−1Y Λ − t Y¯ Λ,
ξ˜
[0]
Λ = ζ˜Λ + t
−1FΛ(Y )− t F¯Λ(Y¯ ),
α[0] = − 1
2
(
σ + ζΛζ˜Λ
)
+
1
2
(
Y¯ ΛFΛ(Y ) + Y
ΛF¯Λ(Y¯ )
)
− ζΛ (t−1FΛ(Y )− t F¯Λ(Y¯ ))− (t−2F (Y ) + t F¯ (bY )) ,
(3.4)
where we set
ζΛ = AΛ, ζ˜Λ = BΛ + A
ΣReFΛΣ, σ = −2Bα −AΛBΛ. (3.5)
2In this paper we are interested only in the local metric on M. Therefore, we do not need to distinguish
between the patches covering the twistor space and their projections to CP 1, and in what follows the hats
denoting such a projection will be omitted.
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Furthermore, identifying
Y Λ = 2 e(φ+K)/2XΛ, (3.6)
one can show that the metric derived from the twistor lines (3.4) precisely matches the one in
(3.1), whereas the contact potential Φ computed from (2.10), (2.11) is independent on t and
coincides with the coordinate φ.
3.2 S-duality group
In this paper we are interested in a specific c-map space, which we call M0, and which is
obtained from the following prepotential
F (X) = −κabc X
aXbXc
6X0
. (3.7)
The corresponding special Ka¨hler manifold coincides with (the large volume limit of) the moduli
space of complexified Ka¨hler structure deformations of a CY threefold, Msk = MK , with κabc
being the triple intersection product on H2(CY,Z). Its c-map image M0 is recognized as the
classical HM moduli space of type IIB string compactified on the Calabi-Yau.
A particular role of M0 becomes transparent by considering its isometries. Whereas the
generic c-map metric (3.1) is invariant under continuous shifts3 of σ, ζΛ and ζ˜Λ, the metric on
M0 in addition carries an isometric action of SL(2,R). Its discrete subgroup SL(2,Z) is known
in physics literature as S-duality group. To make this action explicit, one should perform the
following change of variables
za = ba + ita, eφ =
τ 22
6
κabct
atbtc,
ζ0 = τ1 , ζ
a = −(ca − τ1ba) ,
ζ˜a = c˜a +
1
2
κabc b
b(cc − τ1bc) , ζ˜0 = c˜0 − 1
6
κabc b
abb(cc − τ1bc) ,
σ = −2(ψ + 1
2
τ1c0) + c˜a(c
a − τ1ba)− 1
6
κabc b
acb(cc − τ1bc) .
(3.8)
In string theory this change of variables is known as classical mirror map and establishes a
relation between physical fields of type IIA (on the l.h.s.) and type IIB (on the r.h.s.) formu-
lations compactified on mirror CY threefolds [27]. Then the metric (3.1) with the prepotential
(3.7) is invariant under the following transformations
τ 7→ aτ + b
cτ + d
, ta 7→ ta|cτ + d| , c˜a 7→ c˜a ,(
ca
ba
)
7→
(
a b
c d
)(
ca
ba
)
,
(
c˜0
ψ
)
7→
(
d −c
−b a
)(
c˜0
ψ
) (3.9)
with ad− bc = 1 and τ = τ1 + iτ2.
As any quaternionic isometry of a QK manifold, the SL(2,R) action (3.9) can be lifted to
the twistor space Z. To this end, it should be supplemented by an appropriate action on the
3The shifts of ζΛ and ζ˜Λ must be supplemented by a coordinate dependent shift of σ so that these isometries
form the Heisenberg group.
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CP 1 fiber. To write it in the most convenient way, which is directly accessible to generalizations,
let us introduce the zeros of cξ0(t)+d. This quadratic equation has two roots, tc,d± . For example,
in the gauge X0 = 1, one has Y 0 = τ2/2 and the roots are given by
4
tc,d± =
cτ1 + d∓ |cτ + d|
cτ2
, tc,d+ t
c,d
− = −1. (3.10)
Then the action on the twistor fiber reads as
t 7→ −tc,d−
t− tc,d+
t− tc,d−
, (3.11)
and it can be easily checked that, under the combined action of (3.9) and (3.11), and after using
the classical mirror map (3.8), the Darboux coordinates (3.4) indeed transform holomorphically
[13]
ξ0 7→ aξ
0 + b
cξ0 + d
, ξa 7→ ξ
a
cξ0 + d
, ξ˜a 7→ ξ˜a + c
2(cξ0 + d)
κabcξ
bξc ,(
ξ˜0
α
)
7→
(
d −c
−b a
)(
ξ˜0
α
)
+
1
6
κabcξ
aξbξc
(
c2/(cξ0 + d)
−[c2(aξ0 + b) + 2c]/(cξ0 + d)2
)
.
(3.12)
It is now trivial to see that SL(2,R) acts isometrically on the twistor space. Indeed, the
transformation (3.12) changes the contact one-form (2.4) only by an overall holomorphic factor
X 7→ X /(cξ0 + d), (3.13)
thus leaving the complex contact structure invariant. Furthermore, the transformations
eφ 7→ e
φ
|cτ + d| ,
|t|
1 + |t|2 7→
|t|
1 + |t|2
|cξ0 + d|
|cτ + d| , (3.14)
which can be obtained from (3.9) and (3.11), respectively, ensure that the Ka¨hler potential
(2.3) varies by a Ka¨hler transformation, consistent with the rescaling of X ,
KZ 7→ KZ − log |cξ0 + d| . (3.15)
4. Modular invariant deformations
4.1 Twistorial data and modular constraint
In this section we study deformations of the c-map space M0 described above which preserve
the discrete SL(2,Z) subgroup of the full isometry group. No other isometries are supposed to
survive. In such situation the twistor framework of section 2 appears to be the most efficient
tool. In particular, we can encode all deformations into a refinement of the covering used to
define the twistor space of M0 and the associated set of transition functions. And the first
question we should answer is which conditions these data should satisfy to preserve the modular
invariance?
4In arbitrary gauge they will still be given by (3.10) multiplied by the phase of X0.
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Roughly speaking, a sufficient set of such conditions requires that the patches refining the
covering are mapped into each other under SL(2,Z) and the Darboux coordinates in all these
patches transform according to the undeformed law (3.12). To make these conditions more ex-
plicit, we suggest here a simple twistorial construction, which realizes the main ideas and allows
to avoid cumbersome details. Later in section 4.5 it will be generalized to more complicated
situations. Although we cannot claim that these generalizations exhaust all possible solutions,
they seem to encompass all physically interesting cases.
Let the twistor space Z be defined by the covering
Z = U+ ∪ U− ∪ (∪m,nUm,n) (4.1)
where U± cover the north and south poles of CP 1 as above and Um,n are mapped to each other
under the antipodal map and SL(2,Z) transformations
ς [Um,n] = U−m,−n, (4.2)
Um,n 7→ Umˆ,nˆ,
(
mˆ
nˆ
)
=
(
d −c
−b a
)(m
n
)
, (4.3)
including an invariant patch U0 ≡ U0,0. Furthermore, we assume in addition that cξ0[m,n] + d
is non-vanishing in Um,n for all (c, d) 6= (±m,±n), including (m,n) = (0, 0), and has a simple
zero for (c, d) = (m,n).5 Denoting this zero by tc,d+ , the reality condition for ξ
0 and (4.2) imply
that
ς
[
t
c,d
+
]
= t−c,−d+ ≡ tc,d− . (4.4)
With the covering (4.1) we associate the following set of transition functions
H [+0] = F (ξ[+]), H
[−0] = F¯ (ξ[−]), H
[(m,n)0] = Gm,n(ξ[m,n], ξ˜
[0], α[0]), (4.5)
where F (X) is given in (3.7). The functions Gm,n are not arbitrary. Besides the reality condi-
tions
ς
[
Gm,n
]
= G−m,−n, (4.6)
they must transform in such a way so that to ensure the modular invariance. In particular,
this implies that the modular transformations should not affect the contact structure. A simple
way to satisfy this condition is to require that the Darboux coordinates transform as in (3.12),
since this leads to the transformation of the contact one-form by a holomorphic factor (3.13).
The only new feature here is that the Darboux coordinates in (3.12) should be supplemented
by patch indices: due to (4.3), the coordinates in Um,n are mapped to those in Um′,n′ with(
m′
n′
)
=
(
a c
b d
)(m
n
)
. (4.7)
5Note that this assumption implies that Ukm,kn with k ≥ 1 are all identical. In particular, U0,±k = U±.
However, we will ignore this subtlety and consider all these patches as different. Otherwise, we would have
to pay special attention to coinciding patches and the presentation would become very heavy. We prefer to
sacrifice the rigour in favour of clarity. A rigorous analysis is also possible and does not change any results.
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Applying now the transformation rule (3.12) to the gluing conditions (2.6) between U0 and
Um,n, one easily derives constraints on the transformations of Gm,n and its derivatives. The
former reads as6
Gm,n 7→ Gm
′,n′
cξ0[m′,n′] + d
− c
6
κabc
3ξa[m′,n′] − 2T am′,n′
(cξ0[m′,n′] + d)(cξ
0
[0] + d)
T bm′,n′T
c
m′,n′
+
c2
6
κabc
3ξa[0]ξ
b
[m′,n′] + T
a
m′,n′T
b
m′,n′
(cξ0[m′,n′] + d)(cξ
0
[0] + d)
2
T cm′,n′T
0
m′,n′ −
c3
6
κabc ξ
a
[m′,n′]ξ
b
[m′,n′]ξ
c
[m′,n′]
(cξ0[m′,n′] + d)
2(cξ0[0] + d)
2
(
T 0m′,n′
)2
,
(4.8)
where we introduced the convenient notation
TΛm,n = ∂ξ˜[0]Λ
Gm,n − ξΛ[0]∂α[0]Gm,n, (4.9)
and the transformation of the derivatives are given in appendix A.2. Of course, one can verify
the mutual consistency of these transformations.
The constraint (4.8) is the main condition ensuring the SL(2,Z) invariance of the construc-
tion. Below we prove this by confirming the modular properties of Darboux coordinates and
the simple Ka¨hler transformation (3.15) of the Ka¨hler potential KZ . On the other hand, we
do not try to classify solutions to the constraint (4.8) and leave this issue for future work (see,
however, some comments in section 5).
4.2 SL(2,Z) action on the fiber, critical points and invariant kernel
To verify the holomorphic action of the modular group on the twistor space Z, we should first of
all find how it is realized on the CP 1 fiber. In this respect, we are in a much more complicated
situation than in the case with two continuous isometries analyzed in [12]. Indeed, in that case
it is possible to choose all transition functions to be independent of two Darboux coordinates,
α and ξ˜0. Then it follows from (2.8) that ξ
0 does not get any corrections due to Gm,n and is
still given by (3.4). In turn this implies the absence of any modifications in the transformation
of the CP 1 coordinate t (3.11). On the other hand, once all continuous isometries are broken,
both ξ0 and the transformation of t are expected to be modified.
Remarkably, it is possible to fix the action of SL(2,Z) on the twistor fiber by considering
the transformation of the Ka¨hler potential KZ and requiring that it coincides with the Ka¨hler
transformation (3.15). As shown in appendix B, this condition can be converted to a differential
equation which is easily solved. As a result, the constraint on the transformation of KZ boils
down to two conditions: one is a constraint on the transformation of the (shifted) zero mode
of the contact potential given in (B.14), whereas the other fixes the transformation of the CP 1
coordinate to be rational and given by
gc,d[t] = Cc,d−
t− tc,d+
t− tc,d−
, (4.10)
6All variables ξΛ[0] appearing on the r.h.s. can be expressed through the variables in the patch Um′,n′ using the
gluing conditions. We prefer to present the constraint in the form (4.8) since it is simpler and more convenient
for applications. In fact, the proper meaning of this constraint is that it provides a functional equation on the
transition functions which makes them consistent with the modular action.
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where the constant prefactor should satisfy |Cc,d− | = |tc,d− | and we used the notation gc,d for the
SL(2,Z) action. Furthermore, the transformation (4.10) should satisfy the group law which,
in particular, requires that gc,d [g−c,a[t]] = t. An easy calculation immediately gives that
Cc,d± = gc,d
[
t
−c,a
±
]
, tc,d+ Cc,d− = tc,d− Cc,d+ . (4.11)
In fact, taking into account (4.4), the last condition is equivalent to the above condition on the
modulus of Cc,d− . Thus, the SL(2,Z) action on the twistor fiber is completely expressed in terms
of the zeros of cξ0 + d and is a natural generalization of the classical transformation (3.11).7
As will be clear below, not only the zeros of cξ0+d are important for our construction, but
a crucial role is played also by the zeros of the derivative ∂tξ
0 or critical points. On the basis of
the undeformed expression for ξ0 (3.4), we expect that there are two such points in the patch
U0
∂tξ
0
[0](s±) = 0, (4.12)
which are related by the antipodal map ς [s+] = s− (cf. (4.4)) and reduce to s± = ∓i in
the absence of deformations (or for the deformations preserving two continuous isometries and
not modifying ξ0). A geometric meaning of s± can be understood by analyzing the modular
properties of ∂tξ
0. One easily finds that gc,d[∂tξ
0] ∼ ∂tξ0, which implies that s± are invariant
under modular transformations. It is important to note that s± should be viewed not just as
functions on M, but as sections of the bundle Z → M, and therefore their invariance is also
to be understood as the invariance of sections. Thus, they satisfy the following property
gc,d[s±] = gc,d[t]t=s± = Cc,d−
s± − tc,d+
s± − tc,d−
. (4.13)
Having introduced the critical points, we are now in position to define the so called invariant
kernel, which was the key element for making the modular symmetry explicit already in the
case of two isometries [12]. We define it as a t-independent shift of the kernel appearing in
(2.8), invariant under SL(2,Z) after multiplication by the measure:
K(t, t′) =
1
2
(
t′ + t
t′ − t + k(t
′)
)
,
dt′
t′
K(t, t′) 7→ dt
′
t′
K(t, t′). (4.14)
Given the deformed transformation of t (4.10) and the modular property of the critical points
(4.13), it is easy to check that the function
k(t) =
s+s− − t2
(t− s+)(t− s−) (4.15)
does the job and reduces to the known classical result 1/t−t
1/t+t
in the undeformed case. As a result,
the invariant kernel is found to be8
dt′
t′
K(t, t′) =
dt′
2
(t− s+)(t′ − s−) + (t− s−)(t′ − s+)
(t′ − t)(t′ − s+)(t′ − s−) . (4.16)
Together with the critical points, it represents the main building block of the modular invariant
construction.
7The prefactor in (3.11) agrees with (4.11) since it can be shown that the classical zeros (3.10) satisfy
gc,d
[
t−c,a±
]
= −tc,d± .
8In fact, the kernel is not the only one possessing the invariance property. Choosing k± = s±+t
s±−t
, one obtains
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4.3 Twistor lines and “mirror map”
Let us now consider the Darboux coordinates corresponding to the twistor data of section
4.1 and prove that they transform according to the classical law (3.12) provided the tran-
sition functions satisfy the modular constraint (4.8). To this end, one has to express the
coordinates Y Λ, AΛ, BΛ, Bα, parametrizing twistor lines in (2.8), in terms of the coordinates
τ, ba, ta, ca, c˜a, c˜0, ψ, having simple modular transformation properties (3.9), in such a way that
the integral equations determining twistor lines stay invariant under SL(2,Z) transformations.
Essentially, such change of coordinates would provide a generalization of the classical mirror
map (3.8) since the type IIA physical fields typically have very simple relations to the former
set of coordinates fixed by the symplectic invariance of the type IIA construction. For example,
for the deformations corresponding to D-instanton corrections they have been found in [14, Eq.
(3.10)]. The situation can be illustrated by the following diagram
Coordinates in (2.8)
Y Λ, AΛ, BΛ, Bα
Type IIA fields
φ, za, ζΛ, ζ˜Λ, σ
Type IIB fields
τ, ba, ta, ca, c˜a, c˜0, ψ
✲✛
✙
✯
❥
❨
mirror map
fixed by
S-duality
fixed by
symplectic invariance
For simplicity, in the following we will call the change of coordinates given by the right
arrow also by “mirror map”. As we will see, for the zero modes AΛ, BΛ, Bα it is given essentially
by the shift converting the integration kernel into the invariant one (4.14). The main non-trivial
problem is to fix the mirror map for the variables Y Λ. It is provided by the following Lemma
whose proof can be found in appendix C.1.
two kernels
dt′
t′
K+(t, t′) =
(t− s+) dt′
(t′ − t)(t′ − s+) ,
dt′
t′
K−(t, t′) =
(t− s−) dt′
(t′ − t)(t′ − s−)
which are also invariant, so is any their linear combination. In particular,K = 12 (K
++K−). What distinguishes
this particular combination, or equivalently k(t) from (4.15), is that it is invariant under the combined action of
the antipodal map and complex conjugation ensuring the reality conditions to be satisfied by various quantities.
In [28] it was argued that the kernels K± can nevertheless be used, at least in the linear approximation, due
to the property ς [K+(t, t′)] = K−(t, t′), and appear to be useful in the context of the so called large volume
limit, where ta → ∞ keeping other coordinates fixed. In this limit all integrals can be evaluated by the
saddle point approximation with the saddle points approaching the critical points s±. The problem is that the
formulation based on the single kernel K leads to appearance of terms diverging in the large volume limit which
however can be removed by a coordinate redefinition. The passage to the kernels K± takes care about this
redefinition and directly provides final results. Unfortunately, we do not know how to extend these results to
the non-perturbative treatment of generic deformations which we are doing here.
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Lemma: Let us define9
Y Λ = iτ2
s+s−
s− − s+ Y
Λ +
s+s−
2
∑
m,n
′
∮
Cm,n
dt
2πi
s+(s− − t) + s−(s+ − t)
(t− s+)2(t− s−)2 T
Λ
m,n, (4.17)
where
Y0 = 1, Ya = b
a
(
s−e
iU − s+e−iU
)− 2√s+s− ta
(s− − s+) cosU + iτ
−1
2 tanU Ia (4.18)
and
Ia = (s− − s+)
2
4π
∑
m,n
′
∮
Cm,n
dt
t T am,n
(t− s+)2(t− s−)2 , (4.19)
U =
s− − s+
4π
∑
m,n
′
∮
Cm,n
dt
log (1− ∂α[0]Gm,n)
(t− s+)(t− s−) . (4.20)
Then, provided at the critical points one has
ξ0[0](s+) = τ, ξ
0
[0](s−) = τ¯ ,
ξa[0](s+) = −ca + τba, ξa[0](s−) = −ca + τ¯ ba,
(4.21)
s±∂tξ
a
[0](s±) = ±
2iτ2t
a
cosU
√
s+s−
s− − s+ − ie
±iULa, (4.22)
where La is an arbitrary real vector, and using the notation ρ[c,d] from (B.9), the quantities
(4.17) transform as
Y 0 7→ C
c,d
− t
c,d
+
c(tc,d+ − tc,d− )2ρ[c,d](tc,d+ )
, Y a 7→ − C
c,d
− t
c,d
+ ξ
a
[c,d](t
c,d
+ )
(tc,d+ − tc,d− )2ρ[c,d](tc,d+ )
. (4.23)
This Lemma makes it easy to prove the Theorem which represents one of the main results
of this work.
Theorem: Provided Y Λ is given by (4.17) and the zero modes are given by the following
expressions
AΛ = ζΛcl −
1
2
(s+ + s−)
(
Y Λ
s+s−
− Y¯ Λ
)
+
1
2
∑
j
∮
Cj
dt
2πit
k(t)
(
∂
ξ˜
[0]
Λ
H [j0] − ξΛ[0] ∂α[0]H [j0]
)
,
BΛ = ζ˜
cl
Λ −
1
2
∑
j
∮
Cj
dt
2πit
k(t)∂ξΛ
[j]
H [j0], (4.24)
Bα = (σ + ζ
Λζ˜Λ)
cl − 1
2
∑
j
∮
Cj
dt
2πit
k(t)
(
H [j0] − ξΛ[j]∂ξΛ
[j]
H [j0]
)
,
where the index cl refers to the quantities given by the classical mirror map (3.8), the inte-
gral equations (2.8) are invariant under modular transformations and the Darboux coordinates
transform as in (3.12).
9The prime on the sum indicates that it runs over (m,n) ∈ Z2/(0, 0).
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The proof of this Theorem is given in appendix C.2. Here we would like just to concentrate
on the Darboux coordinate ξ0 which plays the role of the modular parameter on the twistor
space. Substituting the mirror map for Y 0 and A0, it is found to be
ξ0[0](t) = τ1 +
iτ2
s− − s+
(s+s−
t
− t
)
+
(t− s+)(t− s−)
2t
∑
m,n
′
∮
Cm,n
dt′
2πi
t′
(t− s+)(t′ − s−) + (t− s−)(t′ − s+)
(t′ − t)(t′ − s+)2(t′ − s−)2 T
0
m,n.
(4.25)
As a result, it trivially satisfies the condition (4.21) of the Lemma. Furthermore, it is now
possible to write down explicitly the equation (4.12) for the critical points which takes the
following form
s+ + s−
(s+ − s−)3 =
1
4πτ2
∑
m,n
′
∮
Cm,n
dt
t T 0m,n
(t− s+)2(t− s−)2 . (4.26)
Supplemented by the condition ς [s+] = s−, it can be solved by perturbative expansion in
powers of (integrals of) the transition functions T 0m,n generating deformations.
Although we have shown the correct transformations of Darboux coordinates under the
combined action of (3.9) and (4.10), a piece of the proof is still missing. Namely, we saw in
section 4.2 that the transformation of the fiber coordinate belongs to SL(2,Z) only if |Cc,d− | =
|tc,d− |, which is equivalent to the second relation in (4.11). Given the explicit expression for ξ0,
we can now prove that it indeed holds. To this end, let us apply an SL(2,Z) transformation to
the identity −cξ0[−c,a](t−c,a+ )+a = 0. Using (4.25), one can demonstrate that the transformation
of the l.h.s. turns out to be proportional to
[
cξ0[0,1]
(
E
Cc,d− − Cc,d+
)
+ d
]−1
, where E = tc,d+ Cc,d− − tc,d− Cc,d+ . (4.27)
Since this expression should vanish, E
Cc,d
−
−Cc,d+
should be a singular point of ξ0 and therefore
coincide with the north pole of CP 1. Thus, one concludes that E = 0 as required.
Finally, note that the whole construction is invariant under U(1) phase rotations
t 7→ eiϕt, s± 7→ eiϕs±. (4.28)
They induce a similar rotation of the complex variables Y Λ 7→ eiϕY Λ, so that this symmetry
coincides with the one mentioned below (2.8) and responsible for removing one auxiliary co-
ordinate. In the given case this additional coordinate is provided by the phase of the critical
points, since it is not determined by the defining equation (4.26). A convenient way to fix it,
for example, is to require that the critical points s± are pure imaginary.
4.4 Modular invariant potential
To complete the construction, it remains to prove the last remaining transformation, which
is the modular transformation (B.14) of the zero mode of the contact potential. In appendix
B it appears as a necessary condition for the Ka¨hler potential KZ to have the right modular
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properties. Substituting k(t) (4.15) and evaluating the integral as in (B.10), this condition can
be written more explicitly as
gc,d[φˆ] = φˆ+
1
2
log
(s+ − tc,d+ )(s− − tc,d− )(s+ − tc,d− )(s− − tc,d+ )
s+s−(t
c,d
− − tc,d+ )2|cτ + d|2
, (4.29)
where the shifted zero mode φˆ is defined in (B.2). Furthermore, from (4.13) it is easy to see
that the inhomogeneous term on the r.h.s. is equal to log
τ
−1/2
2 |s+−s−|
gc,d[τ
−1/2
2 |s+−s−|]
.10 As a result, the
transformation (4.29) is equivalent to the requirement that the following function on M
R =
|s+ − s−| e
− 1
2
∑
m,n
′
∮
Cm,n
dt
2πit
s+s−−t
2
(t−s+)(t−s−)
log(1−∂α[0]Gm,n)
τ
1/2
2 cos
[
1
4π
∑
m,n
′ ∮
Cm,n
dt
t
log (1− ∂α[0]Gm,n)
]
{
1
2
Im
(
Y ΛF¯Λ(Y¯ )
)
− 1
16π
∑
m,n
′
∮
Cm,n
dt
t
[(
t−1Y Λ − tY¯ Λ) ∂ξΛ
[m,n]
Gm,n +
(
t−1FΛ(Y )− tF¯Λ(Y¯ )
)
TΛm,n
]} (4.30)
is modular invariant. Here we evaluated the constant part of the contact potential given in
(2.11) for our twistor data and took into account the additional exponential factor coming from
the difference between φ and φˆ (B.2) and originating from the shift of the kernel done in (B.1).
The invariance of the potential (4.30) is verified in appendix C.3.
This completes the proof that the twistor space Z defined by the transition functions (4.5)
and, as a consequence, the QK manifold M both carry an isometric action of the modular
group SL(2,Z). Besides, we have found a modular invariant parametrization of the twistor
lines provided by the coordinate change (4.17) and (4.24) (see (C.7) for their explicit form).
And finally we have constructed a modular invariant function (4.30) on the QK base, which
can be considered as a non-trivial potential characterizing the deformations.
4.5 Generalizations
Although the conditions on the twistor data spelled out in section 4.1 are sufficient to ensure the
isometric action of SL(2,Z), they are not necessary conditions. One can easily imagine more
complicated coverings and the associated sets of transition functions for which our construction
still goes through. Here we would like to present several such generalizations which, as we
believe, encompass all physically interesting cases.
4.5.1 Regular terms
The first possible generalization is to slightly relax the modular constraint (4.8) on the transition
functions. Namely, a modular transformation can result in the appearance of terms regular in
the target patch Um′,n′
Gm,n 7→ Gm
′,n′
cξ0[m′,n′] + d
+ non-linear terms + regular terms . (4.31)
10Note that the property ς [s+] = s− ensures that |s+ − s−|2 = − (s+−s−)
2
s+s−
.
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This is possible because the additional regular terms can be removed by a local contacto-
morphism performed in the patch Um′,n′ and represent an inherent ambiguity of the twistor
framework. In our language their contributions disappear as a result of contour integration,
which is especially easy to see if they depend only on ξΛ[m′,n′].
Such regular terms do show up in the case of transition functions generating D(-1)-D1-
instanton corrections to the HM moduli space [12] so that the generalization (4.31) cannot be
ignored.
4.5.2 Refining the patches
Another evident generalization is to further refine the patch U0 and represent it as a union
of sets invariant under SL(2,Z). Thus, the covering of the twistor space in the most general
situation will look like
Z = U+ ∪ U− ∪ U0 ∪
[
∪
s
(
∪
~Is
Us~Is
)]
, Us~Is
g7→ Us
gtr~Is
, (4.32)
where the index s labels the invariant sets and the patches in each set are enumerated by vectors
~Is belonging to some finite dimensional representations of SL(2,Z). The transition functions
H [(s;
~Is)0] = Gs~Is
should satisfy the same modular constraint (4.8) (or its generalization (4.31))
with the indices (m′, n′) replaced by
(
s, (gtr)−1~Is
)
. In this picture all invariant sets appear on
equal footing except that we require that only one of them, corresponding to a fundamental
representation, contains zeros of cξ0 + d, whereas in all other patches this combination is non-
vanishing.
4.5.3 Open contours
Although the picture presented above already provides an exhaustive generalization, in practice
one encounters some twistor descriptions which do not fit this picture. The point is that
transition functions can have branch cuts. They require special attention, but typically it is
still possible to encode the Darboux coordinates for the contact one-form by means of equations
of the type (2.8) with contours Cj which now may be more complicated than just surrounding
the patches. A typical example is a “figure-eight” contour going around branch points of a
logarithmic cut (see, for instance, [29, Section 3.4]). Nevertheless, since the contours remain
closed, our results on modular invariance still hold because all that we need is to be able to
evaluate various contour integrals by residues.
However, it is often possible to trade the description in terms of transition functions with
branch cuts and closed contours for a description based on open contours joining branch points
of the original framework. The transition functions associated to these open contours are then
given by discontinuities of the original functions. The new description is usually much more
economic and elegant and may be indispensable for getting important insights. For instance,
the twistor description of D-instanton corrections to CY compactifications of type II string
theory has been found in terms of open contours joining the north and south poles of CP 1
(called BPS rays) [13], and it was crucial for understanding the relation of this description to
the wall-crossing phenomenon [30, 31, 32].
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Figure 1: Example of a region in CP 1 with one closed and few open contours. Dotted arrows indicate
the contours along which one integrates functions of Darboux coordinates resulting from a modular
transformation.
Taking into account this possibility, the most general twistorial data defining (locally) a
QK manifold are given by a set of contours (closed or open) on CP 1 and transition functions
generating contact transformations through each of these contours. A natural question then
is whether our results on modularity can be extended to include the cases where some of the
contours are open?
At first sight this seems to be unlikely since one cannot use anymore the evaluation of
integrals by residues, which was extensively done to prove our results. On the other hand, all
these results can be verified perturbatively by expanding in powers of Gm,n.
11 Such computation
does not require explicit evaluation of integrals and does not seem to depend on the nature of
contours, thereby suggesting that all the results continue to hold for the case of open contours
as well.
Indeed, let us consider instead of the covering (4.32) the following set of contours
C+, C−, {Cs~Is}, C
s
~Is
g7→ Cs
gtr~Is
, (4.33)
where some of the contours Cs~Is
may be open, but one of the invariant sets is still given by closed
contours surrounding the zeros of cξ0+d. The associated transition functions are given by F (ξ)
and F¯ (ξ) for C± and G
s
~Is
(ξ, ξ˜, α) for Cs~Is
. Then we claim that all equations proven in this work
are still valid for these twistor data. To understand why this is the case, note that the set of
11Of course, for generic deformations breaking all continuous isometries the expansion is infinite. We have
performed the explicit perturbative check of modular invariance only to the second order. For the deformations
preserving two continuous isometries, however, the expansion stops at third order [12].
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all contours splits CP 1 into chambers which replace the usual patches. We will denote by UI lefts
and UIrights the neighboring chambers, separated by the contour Cs~Is, on the left and right from
it, respectively (see Fig. 1). The next important fact is that all integrals which are evaluated
by residues in this work, and thus the only ones which may be problematic, appear as a result
of an SL(2,Z) transformation and for the twistor data (4.33) take the following form
∑
s,~Is
∫
Cs
~Is
dt′
2πit′
[
f(t′, ξ[I lefts ])− f(t′, ξ[Irights ])
]
. (4.34)
A typical example is given in (C.13) where f(t′, ξ) = − c
2
K(t, t′) κabcξ
bξc
cξ0+d
. Trading the minus sign
of the second term for the inversion of the integration contour, one finds that such contribution
is equal to12 ∑
i
∮
Ci
dt′
2πit′
f(t′, ξ[i]). (4.35)
where the sum runs over all chambers and Ci are closed contours surrounding them. As a
result, the integrals can again be evaluated by residues reproducing our previous results.
4.5.4 Relaxed reality conditions
Finally, one can relax the reality conditions (4.2) and (4.6). Once the twistor data contain
several invariant sets as in (4.32) or (4.33), it is not necessary anymore to require that each set
is preserved by the antipodal map. It is sufficient if the sets, together with transition functions,
are mapped to each other. Note, however, that the reality condition satisfied by ξ0 ensures that
the set comprising the contours surrounding the zeros of cξ0+ d is preserved by the action of ς.
Thus, the most general twistorial data consistent with the isometric action of the modular
group are provided by the set of contours and transition functions satisfying
ς
[
Cs~Is
]
= C
ς(s)
−~Iς(s)
, gc,d
[
Cs~Is
]
= Cs
gtr~Is
,
ς
[
Gs~Is
]
= G
ς(s)
−~Iς(s)
, gc,d
[
Gs~Is
]
=
Gs
(gtr)−1~Is
cξ0
[((gtr)−1~Is)left]
+ d
+
non-linear
terms
+
regular
terms
,
(4.36)
where the non-linear terms are as in (4.8) with the patch indices [m′, n′] and [0] replaced by
((gtr)−1~Is)
left and ((gtr)−1~Is)
right, respectively, and the regular terms are allowed only for the
transition functions associated to closed contours.
12One could worry about the situation when some open contours end at the zeros of cξ0 + d, as shown in
Fig. 1 and indeed happens in physically interesting cases of D3 and fivebrane instantons [28, 15], because
the formula (4.35) seems to ignore the contributions of the integrals along the dashed parts of the contours
inside the circle. This can be justified as follows. The transition function associated with the closed contour
surrounding a zero tm,n+ must ensure the regularity of Darboux coordinates near this point, and therefore it
must cancel the discontinuities generated by the open contours. This implies that it should have the same
branch cut discontinuities along the dashed parts of the contours as given by the transition functions associated
with them. Taking this into account, one can check that the contributions of the dashed parts cancel in all
expressions.
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5. Conclusions
In this work, using the twistor approach, we described quaternion-Ka¨hler manifolds with the
isometry group SL(2,Z). Motivated by a string theory incarnation of this problem, we restricted
ourselves to the manifolds obtained by a deformation of a space given by the c-map of the moduli
space MK of complexified Ka¨hler structures of a Calabi-Yau threefold. Among our findings,
there are three results which we would like to discuss here.
First, we provided a condition on the modular transformation of the transition functions
generating deformations ensuring the presence of the isometric action of SL(2,Z). Given in
(4.8), the resulting transformation consists of a simple linear term and very complicated non-
linear terms. The former suggests that the transition functions are similar to coefficients of the
Poincare´ series representation of a modular form of weight -1, which thus can be probably used
to classify solutions to the constraint (4.8). However, the non-linear terms spoil this simple
interpretation and make it difficult to apply the modular constraint in practice, as was done, for
instance, in [15] where S-duality was used to derive NS5-brane corrections from D5-instantons
in the linear approximation by the method of images. In principle, the constraint (4.8) is
exactly the one which should allow to extend this construction to a non-linear order.
In fact, at least partially, the non-linear terms in (4.8) appear due to that transition func-
tions depend on Darboux coordinates in different patches (ξΛ are taken in one patch, and ξ˜Λ, α
are from a different one). This fact significantly complicates the implementation of various
symmetries. For instance, in this formalism the transition functions generating D-instanton
corrections to the HM moduli space are not manifestly symplectic invariant [14], despite this
symmetry is explicitly realized on Darboux coordinates. In that case it is possible to give
an alternative formulation with transition functions dependent of coordinates from one patch
only, which introduces a lot of simplifications. This possibility is a special feature of the con-
tactomorphisms describing D-instanton corrections to the HM geometry. One can hope that
a similar simplification is also possible for fivebrane instantons and it would remove (at least
some of) the non-linear terms in (4.8).
Our second important result is the change of coordinates (4.17) and (4.24). As we explained,
being applied to the case where M is the HM moduli space, it is essentially equivalent to the
non-perturbative mirror map between type IIA and type IIB physical fields, generalizing the
classical mirror map (3.8). It is interesting that it is almost trivial for the coordinates appearing
as zero modes, which physically correspond to the RR-fields and the NS5-axion, whereas it is
quite non-trivial for the coordinates corresponding to the CY moduli encoded in Y Λ (4.17). It
would be interesting to deeper understand a geometric or physical origin of this map.
Finally, as a byproduct of our analysis, we constructed a modular invariant function on
the QK manifold given explicitly in (4.30). Even the existence of such function, which encodes
all deformations in a non-trivial way, was a priori non-evident. In particular, in [33, 34] an
attempt was done to construct a similar invariant object (with an extended symmetry group),
but its geometric meaning was not clear. Our work suggests that it should be associated with
our function R which has its origin in (but does not coincide with) the constant part of the
contact potential. From physics point of view, one can also expect that R should have an
interpretation as some S-duality invariant partition function.
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A. SL(2,Z) transformations
A.1 Useful relations
Using (4.10) and (4.13), one can establish the following transformation properties
dt
t
7→ (t
c,d
+ − tc,d− )dt
(t− tc,d+ )(t− tc,d− )
,
dt′
t′
t′ + t
t′ − t 7→
dt′
t′
t′ + t
t′ − t −
dt′
t′
t′2 − tc,d+ tc,d−
(t′ − tc,d+ )(t′ − tc,d− )
,
s+ − s− 7→ Cc,d−
(s+ − s−)(tc,d+ − tc,d− )
(s+ − tc,d− )(s− − tc,d− )
, (A.1)
t−1(t− s+)(t− s−) 7→ C
c,d
− (t
c,d
+ − tc,d− )2
(s+ − tc,d− )(s− − tc,d− )
(t− s+)(t− s−)
(t− tc,d+ )(t− tc,d− )
,
s+s− − t2
(t− s+)(t− s−) 7→
(s+ + s−)(t
c,d
+ t
c,d
− − t2)− (tc,d+ + tc,d− )(s+s− − t2) + 2t(s+s− − tc,d+ tc,d− )
(tc,d+ − tc,d− )(t− s+)(t− s−)
.
A.2 Derivatives of Gm,n
Applying the modular transformation (3.12) to the gluing conditions (2.6) between U0 and
Um,n, one finds that the derivatives of Gm,n transform as(
∂
ξ˜
[0]
0
Gm,n
∂α[0]Gm,n
)
7→ 1
cξ0[m′,n′] + d
(
a b
c d
)(
∂
ξ˜
[0]
0
Gm′,n′
∂α[0]Gm′,n′
)
,
∂
ξ˜
[0]
a
Gm,n 7→
∂
ξ˜
[0]
a
Gm′,n′
cξ0[m′,n′] + d
,
∂ξa
[m,n]
Gm,n 7→ ∂ξa
[m′,n′]
Gm′,n′ +
c
2
κabc
(
ξb[0]ξ
c
[0]
cξ0[0] + d
− ξ
b
[m′,n′]ξ
c
[m′,n′]
cξ0[m′,n′] + d
)
,
∂ξ0
[m,n]
Gm,n 7→ d ∂ξ0
[m′,n′]
Gm′,n′ − c
(
1− ξΛ[m′,n′]∂ξΛ
[m′,n′]
)
Gm′,n′
+
c2
6
κabc
(
ξa[0]ξ
b
[0]ξ
c
[0]
cξ0[0] + d
− ξ
a
[m′,n′]ξ
b
[m′,n′]ξ
c
[m′,n′]
cξ0[m′,n′] + d
)
,
(1− ξΛ[m,n]∂ξΛ[m,n])Gm,n 7→ a
(
1− ξΛ[m′,n′]∂ξΛ
[m′,n′]
)
Gm′,n′ − b ∂ξ0
[m′,n′]
Gm′,n′
− ac
6
κabc
(
ξa[0]ξ
b
[0]ξ
c
[0]
cξ0[0] + d
− ξ
a
[m′,n′]ξ
b
[m′,n′]ξ
c
[m′,n′]
cξ0[m′,n′] + d
)
− c
6
κabc
(
ξa[0]ξ
b
[0]ξ
c
[0]
(cξ0[0] + d)
2
− ξ
a
[m′,n′]ξ
b
[m′,n′]ξ
c
[m′,n′]
(cξ0[m′,n′] + d)
2
)
,
(A.2)
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where the patch indices (m′, n′) are defined in (4.7). In particular, the first transformation
implies
1− ∂α[0]Gm,n 7→
cξ0[0] + d
cξ0[m′,n′] + d
(1− ∂α[0]Gm′,n′) . (A.3)
Given the form of the gluing conditions and the integral equations (2.8), it is convenient to
trade the derivatives ∂
ξ˜
[0]
Λ
Gm,n in favour of the combination T
Λ
m,n defined in (4.9). In its terms,
the transformations (A.2) can be rewritten as
T 0m,n 7→
T 0m′,n′
(cξ0[0] + d)(cξ
0
[m′,n′] + d)
=
1
c(cξ0[0] + d)
− 1
c(cξ0[m′,n′] + d)
,
T am,n 7→
T am′,n′
cξ0[m′,n′] + d
− c ξ
a
[0] T
0
m′,n′
(cξ0[0] + d)(cξ
0
[m′,n′] + d)
=
ξa[m′,n′]
cξ0[m′,n′] + d
− ξ
a
[0]
cξ0[0] + d
.
(A.4)
Combining all these relations, it is straightforward to derive the modular constraint (4.8) on
the functions Gm,n.
B. Transformation of t and the Ka¨hler potential
In this appendix we would like to study the consequences of the requirement that the Ka¨hler
potential on the twistor space (2.3) varies by a Ka¨hler transformation under the SL(2,Z) action.
Let us evaluate KZ for the twistor data defined in section 4.1. Substituting (2.10) and changing
the integration kernel to the invariant one (4.14), the result can be written in the following form
K
[0]
Z = log
1 + tt¯
|t| + Re
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′) log (1− ∂α[0]Gm,n(t′)) + φˆ. (B.1)
where we fixed for concreteness the patch and redefined the zero mode to include the shift of
the kernel13
φˆ = φ− 1
2
Re
∑
m,n
′
∮
Cm,n
dt′
2πit′
k(t′) log (1− ∂α[0]Gm,n(t′)) . (B.2)
Applying an SL(2,Z) transformation and using (A.3), one finds
gc,d
[
K
[0]
Z
]
= log
1 + gc,d[t]gc,d[t]
|gc,d[t]| + gc,d[φˆ]
+ Re
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′)
[
log (1− ∂α[0]Gm,n(t′)) + log
cξ0[0](t
′) + d
cξ0[m,n](t
′) + d
]
.
(B.3)
From this result one concludes that KZ transforms by the Ka¨hler transformation (3.15) only if
the following equation is satisfied
log
1 + gc,d[t]gc,d[t]
|gc,d[t]| = log
1 + tt¯
|t| − ReΨc,d(t), (B.4)
13At this point of the derivation, k(t) is still an unknown function. It can be found only after one fixes the
SL(2,Z) action on the CP 1 coordinate t.
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where
Ψc,d(t) = log
(
cξ0[0](t) + d
)
+
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′) log
cξ0[0](t
′) + d
cξ0[m,n](t
′) + d
+ gc,d[φˆ]− φˆ. (B.5)
Differentiating (B.4) with respect to t and t¯ and using holomorphicity of Ψc,d(t), one obtains
the following differential equation
|∂tgc,d[t]|
1 + |gc,d[t]|2
=
1
1 + |t|2 . (B.6)
Using the original equation (B.4), it takes a very simple form
|∂t log gc,d[t]| = e
−ReΨc,d(t)
|t| , (B.7)
which allows a holomorphic factorization and can be easily integrated. The result reads
gc,d[t] = C exp
[∫ t dt
t
eiδ−Ψc,d(t)
]
, (B.8)
where complex C and real δ are independent of t.
This integral formula for the transformation of the CP 1 coordinate can actually be made
much more explicit. This can be achieved by explicitly evaluating the t-dependent part of the
function Ψ(t) (B.5). Let us introduce convenient notations
̺c,d(t) = −
t(cξ0[0](t) + d)
(t− tc,d+ )(t− tc,d− )
, ρ[c,d](t) = −
t(cξ0[c,d](t) + d)
(t− tc,d+ )(t− tc,d− )
. (B.9)
According to our assumptions, ρ[c,d](t) is regular and non-vanishing in Uc,d and the same is true
for ̺c,d(t) in U0. This allows to obtain
1
2
∑
m,n
′
∮
Cm,n
dt′
2πit′
t′ + t
t′ − t log
cξ0[m,n] + d
cξ0[0] + d
=
1
2
∑
±
∮
C±c,±d
dt′
2πit′
t′ + t
t′ − t log
(±ρ[±c,±d](t))+ 1
2
∮
C0∪C+∪C−
dt′
2πit′
t′ + t
t′ − t log ̺c,d(t
′)
= log

̺c,d(t)
√
−tc,d+ tc,d−
|c Y 0|

 . (B.10)
Here at the first step we used the regularity of log(cξ0[m,n] + d) in Um,n for (m,n) 6= (c, d), and
at the second step we evaluated the contour integrals by residues. As a result, one gets
Ψc,d(t) = log
(t− tc,d+ )(t− tc,d− )
t(tc,d+ − tc,d− )
− log γc,d, (B.11)
where
γc,d =
√
−tc,d+ tc,d−
|c Y 0|(tc,d− − tc,d+ )
exp
[
φˆ− gc,d[φˆ] + 1
2
∑
m,n
′
∮
Cm,n
dt
2πit
k(t) log
cξ0[m,n] + d
cξ0[0] + d
]
. (B.12)
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Substituting this into (B.8), one arrives at
gc,d[t] = C
(
t− tc,d+
t− tc,d−
)γc,d+iδ
(B.13)
Furthermore, one can check that the equation (B.4) is satisfied iff γc,d+ iδ = 1 and |C| = |tc,d− |.
Given the reality of γc,d which follows from (4.4), this requires δ = 0 and γc,d = 1, which can
be equivalently written as a constraint on the transformation of the zero mode φˆ,
gc,d[φˆ] = φˆ+
1
2
∑
m,n
′
∮
Cm,n
dt
2πit
k(t) log
cξ0[m,n] + d
cξ0[0] + d
+ log
√
−tc,d+ tc,d−
|c Y 0|(tc,d− − tc,d+ )
. (B.14)
The resulting formula for gc,d[t] coincides with (4.10) where we slightly changed the notation
for the prefactor.
C. Proof of modular properties
C.1 Proof of the Lemma
The proof of the Lemma presented in section 4.3 does not require any non-trivial steps and can
be achieved by consistently applying SL(2,Z) transformations to all ingredients entering the
definition of Y Λ (4.17). Therefore, we present here just the main steps of this calculation.
First, note that the transformation of the kernel appearing in (4.17)
M(t) ≡ gc,d
[
s+s−
2
dt
2πi
s+(s− − t) + s−(s+ − t)
(t− s+)2(t− s−)2
]
(C.1)
has poles only at critical point s± with residues given by
Res
t=s±
[M(t)f(t)] = ±C
c,d
−
2
(s+−t
c,d
+ )(s−−t
c,d
+ )
(s+−s−)(t
c,d
+ −t
c,d
−
)
(
f(s±)− (s±−t
c,d
+ )(s±−t
c,d
−
)
t
c,d
+ −t
c,d
−
∂tf(s±)
)
,
Res
t=tc,d+
[
M(t)f(t)
t−tc,d+
]
=
Cc,d
−
f(tc,d+ )
t
c,d
+ −t
c,d
−
, Res
t=tc,d
−
[
M(t)f(t)
t−tc,d
−
]
= 0. (C.2)
for any regular function f(t). These properties are already sufficient to reproduce the transfor-
mation of Y 0 (4.23). Indeed, using (A.4), one finds that the transformed integral in (4.17) can
be evaluated by taking residues at s± and t
c,d
± , which all can be computed using (C.2). Then,
taking into account the conditions (4.21) and the characteristic equation (4.12) for the critical
points, the former can be checked to cancel the contribution of the first term in (4.17), whereas
the latter provide the desired result.
On the other hand, for Y a one obtains
gc,d[Y
a] = − C
c,d
− t
c,d
+ ξ
a
[c,d](t
c,d
+ )
(tc,d+ − tc,d− )2ρ[c,d](tc,d+ )
− C
c,d
−
2
(s+ − tc,d+ )(s− − tc,d+ )
(s+ − s−)(tc,d+ − tc,d− )
[
2iτ2
|cτ + d|2 (gc,d[Y
a]− (cca + dba))
− 1
t
c,d
+ − tc,d−
(
s+∂tξ
a
[0](s+)
̺c,d(s+)
− s−∂tξ
a
[0](s, )
̺c,d(s−)
)]
, (C.3)
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where here and below we use extensively the notations introduced in (B.9). To get gc,d[Ya], one
finds
gc,d[U ] = U +
i
2
log
̺c,d(s+)
̺c,d(s−)
, (C.4)
gc,d[Ia] = τ2(cc
a + dba)
|cτ + d|2
2(s+s− + t
c,d
+ t
c,d
− )− (s+ + s−)(tc,d+ + tc,d− )
(s+ − s−)(tc,d+ − tc,d− )
− i
2(tc,d+ − tc,d− )
(
s+∂tξ
a
[0](s+)
̺c,d(s+)
+
s−∂tξ
a
[0](s, )
̺c,d(s−)
)
,
(C.5)
where the transformed integrals are evaluated using the same strategy as in (B.10) with help
of the conditions (4.21) and (4.12). Applying these results, one can show that the second term
in (C.3) is proportional to
e−iUs+∂tξ
a
[0](s+)− eiUs−∂tξa[0](s−) + 4iτ2ta
√
s+s−
s+ − s− (C.6)
which vanishes due to the condition (4.22). As a result, one remains with the first term only
in (C.3) which precisely reproduces (4.23).
C.2 Proof of the Theorem
To prove the Theorem of section 4.3, let us first write explicitly the integral equations (2.8)
after substitution of the mirror map (4.24) and the transition functions (4.5). Choosing for
concreteness t ∈ U0 and evaluating the integrals corresponding to the patches U±, one obtains
the equations in the following form
ξΛ[0](t) = ζ
Λ
cl −
1
2
(s+ + s−)
(
Y Λ
s+s−
− Y¯ Λ
)
+
Y Λ
t
− tY¯ Λ +
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′) TΛm,n,
ξ˜
[0]
Λ (t) = ζ˜
cl
Λ −
1
2
(s+ + s−)
(
FΛ(Y )
s+s−
− F¯Λ(Y¯ )
)
+
FΛ(Y )
t
− tF¯Λ(Y¯ )
−
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′) ∂ξΛ
[m,n]
Gm,n, (C.7)
α[0](t) = (σ + ζΛζ˜Λ)
cl +
1
2
(s2+ + s
2
−)
(
F (Y )
(s+s−)2
+ F¯ (Y¯ )
)
−
(
F (Y )
t2
+ t2F¯ (Y¯ )
)
+
(
s+ + s−
2s+s−
− 1
t
)
FΛ(Y )ξ
Λ
0 −
(
s+ + s−
2
− t
)
F¯Λ(Y¯ )ξ¯
Λ
0
−
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′)
(
1− ξΛ[m,n](t′)∂ξΛ
[m,n]
)
Gm,n,
where
ξΛ0 = ζ
Λ
cl −
1
2
(s++ s−)
(
Y Λ
s+s−
− Y¯ Λ
)
+
1
2
∑
m,n
′
∮
Cm,n
dt′
2πit′
s+(s− − t′) + s−(s+ − t′)
(t′ − s+)(t′ − s−) T
Λ
m,n (C.8)
is the zeroth term in the Laurent expansion of ξΛ[0] around t = 0.
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The calculation of the modular transformations of these expressions is greatly simplified if
one uses the Lemma which provides the transformation of Y Λ. To use it, however, one needs to
verify the conditions (4.21) and (4.22), which in turn requires the explicit form of the conjugate
variables Y¯ Λ. They can be found by taking into account the behaviour of the critical points
and transition functions under the antipodal map (see (4.6)). As a result, one obtains
Y¯ Λ =
iτ2
s− − s+ Y¯
Λ +
1
2
∑
m,n
′
∮
Cm,n
dt
2πi
t(2t− s+ − s−)
(t− s+)2(t− s−)2 T
Λ
m,n, (C.9)
where
Y¯0 = 1, Y¯a = b
a
(
s−e
−iU − s+eiU
)
+ 2
√
s+s− t
a
(s− − s+) cosU − iτ
−1
2 tanU Ia (C.10)
Then a simple calculation gives
ξ0[0](s±) = ζ
0
cl ± iτ2, ξa[0](s±) = ζacl ± iτ2ba,
s±∂tξ
a
[0](s±) = ±
2iτ2t
a
cosU
√
s+s−
s− − s+ −
i e±iU
cosU
(
Ia − τ2ba s+ + s−
s+ − s−
)
,
(C.11)
which confirmes the required conditions and identifies the vector La as
La =
1
cosU
(
Ia − τ2ba s+ + s−
s+ − s−
)
(C.12)
It is now straightforward to evaluate the SL(2,Z) transformations of the integral equations
(C.7). The calculation proceeds in the same way for all equations and therefore we will not
repeat it here for all of them. Let us just describe how it works for the equation involving ξ˜a
which allows to illustrate the typical manipulations leading to the desired result.
Using (A.2) and the invariance of the kernel, one obtains the transformation of the integral
term
∑
m,n
′
∮
Cm,n
dt′
2πit′
K(t, t′)
[
∂ξa
[m,n]
Gm,n +
c
2
κabc
(
ξb[0]ξ
c
[0]
cξ0[0] + d
− ξ
b
[m,n]ξ
c
[m,n]
cξ0[m,n] + d
)]
. (C.13)
The first term reproduces the integral contribution one started with, whereas the second term
can be evaluated by residues. To this end, the sum over patches Um,n for the first term in
the round brackets should be rewritten as an integral over U0 ∪ U+ ∪ U− and is equal to the
contributions of the residues at t′ = t, t′ = s±, t
′ = 0, and t′ =∞. The first one reproduces the
inhomogeneous term in the transformation of ξ˜a (3.12), the next two are equal to ζ˜
cl
a − gc,d[ζ˜cla ],
whereas the last two give the terms with the prepotential in ξ˜a (C.7). On the other hand, the
second term in the round brackets is given by residues at tc,d± and cancels the transformation of
these prepotential dependent terms. As a result, the integral equation turns out be invariant
confirming the transformation law of Darboux coordinates.
C.3 Invariant potential
Let us represent the potential (4.30) as a product of three factors
R =
AV
cosΘ
, (C.14)
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where V denotes the expression in the curly brackets, Θ is the integral appearing in the argument
of cosine, and A denotes all the remaining factors. It is straightforward to show the following
properties
gc,d[Θ] =
i
2
(
Φ+c,d − Φ−c,d − log
ρ+c,d
ρ−c,d
)
, (C.15)
gc,d[A] = Ae
φ (tc,d− − tc,d+ )
√
ρ+c,dρ
−
c,d e
− 1
2(Φ
+
c,d+Φ
−
c,d), (C.16)
where we denoted Φ±c,d = Φ
[±c,±d](tc,d± ) and ρ
±
c,d = ±ρ[±c,±d](tc,d± ). The SL(2,Z) transformation
of V is more complicated. It can be significantly simplified by using the following identity
∑
j
∮
Cj
dt
t
[
t∂tf H
[j0] − 4if(t) eΦ[0]∂α[0]H [j0] (C.17)
−f(t)∂ξΛ
[j]
H [j0]
(
t−1Y Λ + tY¯ Λ −
∑
k
∮
Ck
t dt′
2πi(t′ − t)2
(
∂
ξ˜
[0]
Λ
H [k0] − ξΛ[0](t′) ∂α[0]H [k0]
))]
= 0,
which holds for any function f(t) just because the l.h.s. is a a total derivative. In our case, one
should choose this function as
f(t) =
1
32π(tc,d+ − tc,d− )
(
t+ tc,d+
(t− tc,d+ )ρ+c,d
+
t + tc,d−
(t− tc,d− )ρ−c,d
)
(C.18)
and add (C.17) to the transformation of V. Then a lengthy calculation yields
gc,d[V] =
ρ+c,d + ρ
−
c,d
2(tc,d− − tc,d+ )ρ+c,dρ−c,d
V − 4i
∑
m,n
′
∮
Cm,n
dt
t
f(t) eΦ
[0]
∂α[0]Gm,n. (C.19)
The last term can actually be evaluated explicitly. To this end, it can be represented as
4i
∑
m,n
′
∮
Cm,n
dt
t
f(t) eΦ
[m,n]
+ 4i
∮
C0∪C+∪C−
dt
t
f(t) eΦ
[0]
=
ρ+c,d e
Φ−c,d + ρ−c,d e
Φ+c,d − (ρ+c,d + ρ−c,d)eφ cosΘ
2(tc,d− − tc,d+ )ρ+c,dρ−c,d
.
(C.20)
Taking into account that eφ cosΘ = V, one finds a very simple result
gc,d[V] =
ρ+c,d e
Φ−c,d + ρ−c,d e
Φ+c,d
2(tc,d− − tc,d+ )ρ+c,dρ−c,d
. (C.21)
Combining it with (C.15) and (C.16), one immediately obtains that the potential R is modular
invariant.
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